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Abstract—The low Earth orbit (LEO) satellite communication
systems have drawn much attention as a promising solution
for providing global wireless connectivity. This paper studies
the downlink performances of LEQO satellite communication
systems performing a directional beamforming with a stochastic
geometry. As the beamwidth of the satellite increases, the beam
coverage increases but the interference from other satellites
also increases. This is vice versa for the smaller beamwidth.
Accordingly, the optimal beamwidth control is necessary to
balance the beam coverage and the network interference. To
address such issue, we first derive the conditional distance
distribution to serving line-of-sight (LoS) and non-line-of-sight
(NLoS) satellites, conditioned on that there exists at least one
satellite in the satellite-visible region and the user is located
within the beam coverage of the satellite. Then, we derive the
exact and approximated formulas for the coverage probability
and the ergodic rate as a function of the beamdwidth. With
some numerical examples, we investigate how various system
parameters such as altitude and satellite density affect on the
optimal beamwidth and demonstrate that the optimal control of
the beamwidth of the satellites can maximize the performances
by efficiently controlling the amount of interference and beam
coverage.

Index Terms—Coverage probability, ergodic rate, satellites,
stochastic geometry.

I. INTRODUCTION

HE recent rapid development of mobile devices and data-

hungry multimedia applications have triggered users’
unprecedented increasing demands for high data-rate and ubig-
uitous connectivity. To meet such ever-increasing demands, the
new communication technologies and network designs have
been being developed for the terrestrial networks. However,
high construction cost of network facilities and physical infras-
tructure deployment constraints make the terrestrial networks
being still unavailable in many less-developed areas or low
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population density areas. Accordingly, the network operators
meet new challenges to develop novel solutions for providing
ubiquitous connectivity everywhere around the world.

With the recent space launch cost reduction and the devel-
opment of advanced launch system, the satellites have drawn
much attention as a promising solution to provide the wire-
less global coverage. Particularly, the low Earth orbit (LEO)
satellites have gained increasing interests in both academy and
industry because they are deployed at a relatively low altitude
of 500-1500 km above the ground and offer the several ad-
vantages such as low pathloss, low propagation delay, cheaper
launching cost, low energy consumption, high-throughput, and
low-cost internet access [1], [2]. Indeed, various industrial
companies, such as SpaceX, Amazon, OneWeb, Google, and
Telesat, have announced plans to launch thousands of LEO
satellites for providing wireless global coverage [3]. Specif-
ically, Starlink, Project Kuiper, Telesat LEO, have a plan to
launch LEO satellites of 42,000, 3,236, and 512, respectively
[4], [5]. Many other companies and governments also have
plans to deploy dense small satellite networks, so it is expected
that the satellite networks may become more and more dense
and complex.

Recently, there have been growing interests in the design
and optimization of satellite communication networks and
various advanced techniques to improve the performances
have been developed [6]-[12]. The non-orthogonal multiple
access (NOMA) scheme was proposed for satellite network
and its outage probability and diversity order were investi-
gated over Shadowed-Rician fading channel [6]. Various graph
based handover algorithms to maximize the benefits of mobile
terminals and balance the loads were proposed in [7]-[9]. The
massive MIMO technique with full frequency reuse scheme
was proposed for LEO satellite communication networks [10].
The heuristic beam shut off algorithm to minimize the number
of active beams was proposed in LEO multibeam satellite
networks [11] and the Stackelberg game based cache resource
allocation to balance the loads was proposed in multi-layers
satellite networks [12]. However, these techniques were de-
veloped for a small number of satellites, so the effects of the
large number of satellites such as interference were not well
characterized.

The conventional model to study the performances of
satellite networks is a regular deterministic model, where all
satellites are evenly spaced with the same period and the
inclination [13]. However, this model requires the extensive
system level-simulations, which makes hard to get useful
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design insights with a tractable form. The stochastic geometry
has been deemed as a useful mathematical tool to analyze
the network performance with a tractable form and there have
recently been some trials to understand the fundamentals of
the satellite communication networks with stochastic geome-
try [14]-[23]. In [14], the coverage probability of downlink
multi-beam satellite communication network was investigated
in which a single satellite serves multiple users via multi
spot beams with the random user selection and the best user
selection. The cumulative distribution function of the nearest
neighbor distance for the multiple concentric spheres model
was studied in [15]. The coverage and outage probabilities of
the LEO satellite networks were analyzed with a binomial
point process (BPP) model over Shadowed-Rician fading
channel [16], [17], but these works did not characterize the
interferences from other satellites. The coverage probability
and average rate of downlink LEO satellite networks were
analyzed with a BPP over Rayleigh fading and non-fading
in the presence of network interference [18]. The coverage
probability of dense satellite networks was investigated with
Poisson point process (PPP) model [19], but the explicit form
was not provided. The coverage probability was analyzed with
PPP over Nakagami-m fading channel, but the beamwidth con-
trol issue was not tackled and LoS/NLoS transmission model
based interference effects were not well captured [20]. The
coverage probability and average data rate of LEO network
were analyzed with a non-homogeneous PPP model [21] and
the optimal altitude of PPP based dense satellite constellations
to maximize the coverage probability was investigated [22].
The algorithm to calculate the distance of different point sets
was proposed and the distance between BPP and Fibonacci
lattice/orbit models was compared in [23]. However, none of
the above works have successfully analyzed the performances
by considering the beamwidth control of directional beam-
forming, which is the main focus of this paper.

A. Contributions

The contributions of this paper are summarized as follows:

o The spatial modeling of satellite communication networks
is of great importance for their design and performance
analysis. In the satellite communication networks per-
forming a directional beamforming, as the beamwidth
becomes wide, the beam coverage increases but the
beam power gain decreases and the number of interfering
satellites increases. On the contrary, as the beamwidth
becomes narrow, the beam power gain increases and the
number of interfering satellite decreases but the beam
coverage decreases. Therefore, the optimal control of
beamwidth is necessary to efficiently control the network
interference and the beam coverage. To address such
issue, we model the satellite communication networks
with a stochastic geometry, where the satellites perform a
directional beamforming of which transmit antenna gain
is a function of beamwidth.

o We newly derive the set of analytical results for signal-
to-interference-plus-noise ratio (SINR) for the satellite
communication networks with a directional beamform-
ing. Specifically, we derive the conditional probability
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Fig. 1. System model.

distribution function (PDF) and conditional cumulative
distribution function (CDF) of the distance to the serving
line-of-sight (LoS) and non-line-of-sight (NLoS) satellite,
conditioned on that there exists at least one satellite in
the satellite-visible region and the user is located within
the beam coverage of the satellite. We also derive the
conditional Laplace transform of the aggregate interfer-
ence conditioned on that the user is tagged on LoS
or NLoS satellite. Using those statistics, we derive the
exact analytical expressions for coverage probability and
ergodic rate and their tractable approximated formulas.

e Our numerical results demonstrate that the optimal con-
trol of the beamwidth of the satellites can maximize
the performances by efficiently controlling the network
interference and beam coverage. We discover that the
optimal beamwidth for lower altitude is more larger
than that for higher altitude and the optimal beamwidth
decreases as the satellite density increases for maximizing
the coverage probability. We also numerically investigate
how various system parameters, such as Nakagami-m
fading parameters, the pathloss exponents, the altitude,
the zenith angle of LoS/NLoS transmission, and the
satellite density, affect on the coverage probability and
the ergodic rate.

B. Organizations

The rest of the paper is organized as follows. We describe
the system model in Section II and analyze the coverage
probability and average rate in Section III and Section IV,
respectively. Numerical examples to validate our analysis
are provided in Section V and the conclusion is drawn in
Section VI.

II. SYSTEM MODEL

We consider the downlink dense satellite communication
networks performing a directional beamforming, where the
satellites are uniformly distributed over the Earth-centered
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spherical surface with altitude H [km] from the Earth and they
communicate with users on the Earth. We call this spherical
surface Earth orbit region in the rest of the paper. We assume
that Earth is a sphere of a radius R, (~ 6,371 [km]) centered
at the origin o = (0,0, 0) € R3 in the 3D Cartesian coordinate
system. Accordingly, the Earth orbit region can be regarded as
the spherical surface of a radius R, + H centered at the origin.
We model the satellites as a homogeneous PPP with intensity
A and denote the set of their locations as ® = {x;}, where
x; € R? indicates the location of [-th satellite. We assume that
the satellites employ an ideal directional beamforming which
radiates the conical beam of beamwidth ¢(> 0) towards the
center of the Earth. The transmit antenna beam gain can be
represented by

1—cos(@max/2)

1—cos(¢p/2) } for ‘<p|§§0maxa

otherwise,

Glp) = { min {Gmax,
0
()

H?>4+2HR.—R?
where @max = arccos RFEHZ represents the max-
e

imum beamwidth which covers the entire earth surface and
Ghax 18 the maximum transmit beam gain. Note that the
antenna gain is normalized as one when ¢ = @pax. AS
the beamwidth decreases, the antenna gain is increased but
saturated to the maximum beam gain G ax.

The handheld terminals (called users) are randomly located
on the Earth and they are equipped with an omni-directional
single antenna of which receiving antenna gain is normalized
to one. We focus on the downlink performance of a reference
user (referred to typical user) which is located at the position
o’ £ (0,0, R.) on the surface of Earth. From a viewpoint
of the typical user, the Earth orbit region can be separated
into two different regions: i) Satellite-visible region and ii)
Satellite-invisible region. The satellite-visible region, denoted
by Sy, is defined as the surface area of spherical dome (cap)
above the horizon of the typical user, while the satellite-
invisible region is defined as the remaining surface area of the
Earth orbit region. The typical user can see the satellites in the
satellite-visible region only, so only their wireless transmitted
signals propagate to the typical user and interfere with each
other. The typical user is associated with the closest satellite
(referred to serving satellite) among the satellites which can
serve the typical user with their beams in the satellite-visible
region. If there is no satellite that can serve the typical user
with the beam in the satellite-visible region, the typical user
cannot be served from the satellites. We denote the set of
satellites in the satellite-visible region as ®y and the set of
satellites which can serve the typical user with the beam
(referred to beam coverage satellites) as P\ (C Py ).

Let us denote the location of the serving satellite as
X0 € R3. Then, the distance from the typical user to the
serving satellite can be represented as Ry = ||xo — 0|,
where H < Ry < ry(p) and r\i(¢) is the maximum distance
from the typical user to the serving satellite. r\i(p) can be
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represented by

ru(g) = (Ro + H)cos 2

cos —
2

- \/(Re + H)? cos? % —(2R.H + H?), (2)

which is obtained by solving the following cosine rule equa-
tion:

R? =

r31(0) + (Re+H)? —2ry(p)(Re + H) cos(/2). (3)

Note that as ¢ increases, 7\ () increases.
For a given distance Ry = r, the surface area of spherical
cap can be represented by [17]

R, + H)(r? — H?
5y T~ H)
R

and the Earth-centered zenith angle in Fig. 1 can be repre-
sented by

The number of satellites in S(r) follows the Poisson distribu-
tion and it can be represented as

(AS(T))k oS ()
k! ’

“4)

7’2—H2

~ 2R.(R.+H) ©)

o(r) = arccos <1

P[N(S(r))

. ©)

where k = {0,1,--- ,00}.

A. Pathloss Model

Owing to the absence of the exact LoS/NLoS channel
model for satellite communication, we consider a simplified
LoS/NLoS transmission model [27]-[30], where LoS transmis-
sion occurs with pathloss exponent ar, when R < rpy, while
NLoS transmission occurs with pathloss exponent an (> ar,)
when R > riN. Therefore, the pathloss gain can be expressed
as

L(R)* LOR_O[L; for R < TLN (i.e., qb(R) < ¢LN),
T\ LoR™, for R > rix (ie., #(R) > é1x),

@)

where gux & 0(rix) = avceos (P5ERES ) ang

Lo = (¢/(47f.))?, where ¢ is the speed of light and f.
is the carrier frequency. Note that ¢ can be any value
within [0, ¢pax (= arccos (R./(R. + H)))] (rad) which is de-
termined by the surrounding environment of the handheld
terminal. For example, in the mountain area, the zenith angle
for LoS transmission might be small due to the blockage from
the large object with fixed point like a big mountain. On
the other hand, in the rural area, the zenith angle for LoS
transmission might be large.

The satellites in the satellite-visible region can be catego-
rized into two groups: LoS and NLoS satellites. Let us denote
the sets of locations of LoS and NLoS satellites in the satellite-
visible region as @1, and Py = Py \ Pr,, respectively. We also
denote the set of beam coverage satellites which can serve
the typical user via LoS and NLoS transmission as ®y 1, and
®y N, respectively. Note that @y = Oy, U PN
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B. Small-scale Fading Model

We consider the Nakagami-m fading as the small-scale
fading channel model for the satellites [20], [21], [25], [26].
Note that Nakagami-m fading channel model is a generalized
fading model that mimics a wide range of realistic fading
environments, e.g., Rayleigh fading (m = 1) and deterministic
channel (m = oo). By carefully selecting the parameters m
and €2, the fading characteristics of satellite channels can be
well characterized while keeping analytical tractability. The
small-scale fading channels for LoS and NLoS links follow the
independent Nakagami-m fading distributions with different
fading parameters: my, and €, for LoS link and my and Qy
for NLoS link. The channel power gain distribution is given
by

mg¢
me

- Q?F(mg)

m
<

-
o

m/c—le ,

f|h|2($> T x>0, ®)
where ¢ = {L,N}, I'(t) = [ ' 'e "dx is the gamma
function, m, represents the fading severity, and {2 represents
average power. We assume that both mp, and my are positive

integers for analytical tractability.

C. Signal Model

When the user is associated with the nearest satellite among
the beam coverage satellites, its received SINR can be ex-
pressed as
G(p)Plho|*L(Ro)

NoW +1 ’

where W is the system bandwidth, Ny is the noise power
spectral density, and I represents the aggregate interference

given by
>

1>0:x;€Pn \x0

SINR =

®)

I= G(p)P|h|*L(Ry), (10)

where |ho|?> and |h;|? represent the channel power gains
of desired link and [-th interfering link, respectively, and
R; = ||x; — o|| represent the distance to {-th interfering satel-
lite located at x;.

III. COVERAGE PROBABILITY

In this section, we analyze the coverage probability of the
typical user. Recall that the typical user can be served from
the satellite only if there exists at least one satellite in the
satellite-visible region and the typical user is within the beam
coverage of satellite. Therefore, let us denote the event that
there exists at least one satellite in the satellite-visible region
as Ey and the event that the typical user is located within
the beam coverage of the closest satellite as Ey;. Then, the
coverage probability which is defined as the probability that
the received SINR is larger than a pre-determined target SINR
threshold can be expressed as

PC(T) = P [SINR 2 T|E\/,EM} P [Ev,EM] . (11)
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Since the typical user can be served if there exists at least
one satellite in S(ryi(¢)), P[Ey,Em] can be obtained from
the void probability of PPP as

P[Ey,Ey] = 1 — e AR l() =1 (12)

where K = (R. + H)/R..

A. Association Probability & Statistical Distance Distribution

In this subsection, we derive some useful statistics required
to analyze the coverage probability. Conditioned on that there
exists at least one satellite in the satellite-visible region and
the typical user is located within the satellite beam coverage,
the conditional PDF and CDF of the distance to the nearest
satellite can be derived as the following lemma.

Lemma 1: (Conditional nearest distance distribution) Condi-
tioned on that there exists at least one satellite in the satellite-
visible region and the typical user is located within the satellite
beam coverage, the conditional CDF of the distance to the
nearest satellite is given by

1— e—ATrK(rz—Hz)

Fro(rlEv. Bv) = T——Cammmyy (13
and its conditional PDF is given by
AT Kre MK (r?—H?)
fRo(T|Ev,Em) = (14

1 — e~ MK (9)—H?)’
where K = (R, + H)/R. and H <1 < ryp(p).
Proof The proof of this lemma is placed in Appendix I.

Depending on the relationship between r1x and (), we
can consider two different scenarios: 1) rn < rv(yp) and
2) ron > T‘M((p).

1) Scenario 1: rvi(p) > rin: Let us define the events that
the typical user is served from the LoS satellite and NLoS
satellite as Er, and Ey, respectively. Conditioned on the events
Ev and E);, the association probabilities to the LoS satellite
and NLoS satellite are given as the following lemma.

Lemma 2: (Association probability) When ryi(¢) > 7o,
conditioned on that there exists at least one satellite in the
satellite-visible region and the typical user is located within
the satellite beam coverage, the probability to be attached to
the LoS satellite is given by

1— e*/\ﬂ'K(TEN*Hg)

AL = T SRR (15)
and that to the NLoS satellite is given by
e ATK (rin—H?) _ o= AmK(rig(0)—H?)
AnN = (16)

1 — oK (12, ()~ H?)

Proof When r\(¢) > rpN, the typical user is served from
the LoS satellite when H < r < riN, while it can be served
from the NLoS satellite when rnx < 7 < ry(p). Thus, the
conditional probability to be associated with the LoS satellite
is given by

1— e—)ﬂrK(rﬁN—Hz)

Am =PI[EL|Ev,Em] = [ KGR E)

a7
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Fig. 2. Conditional CDFs of the distance to the serving LoS and NLoS
satellites.

Similarly, the conditional probability to be associated with the
NLoS satellite is given by

Aum N = P[Ex|Ev, Eum| (18)

_ e~ ATK(rin—H?) _ o=ArK(ri(p)—H?) 19

o 1 — e~ ATK(r§;(¢)—H?) (19)

Lemma 3: (Statistical distance distribution) When

rm(¢) > rLn, conditioned on that there exists at least
one satellite in satellite-visible region and the typical user
is located within the beam coverage of LoS satellite, the
distance distribution to the serving satellite is given by

1 2 rKre MK (?—H?)
B AM,L 1— ef)m'K(rl%I(go)fHQ) ’

frot(r) (20)
where K = (R.+ H)/R. and H < r < r1n. Conditioned on
that there exists at least one satellite in satellite-visible region
and the typical user is located within the beam coverage of
NLoS satellite, the distance distribution to the serving satellite
is given by

1 2\rKre MK(7-H?)
B AM,N 1— 67)\7TK(TI%I(<,0)7H2) ’

() Q1)

where rpn < r < ().

Proof The proof of this lemma is given in Appendix II.

Fig. 2 plots the conditional CDFs of distance to the serving
LoS and NLoS satellites for various A (units/km?) when when
» = 2r/3 (rad) and rx = 1,000 (km). This figure verifies
that our analytical results in (20) and (21) match well with the
Monte-Carlo simulation results. We can observe from Fig. 2
that the statistical distances to the serving LoS and NLoS
satellites become smaller as A increases.

2) Scenario 2: ry(p) < rin: When rv(p) < ron, the
typical user is always located within the beam coverage of
LoS satellite only.

Lemma 4: (Association probability) When 7y (¢) < 7L,
conditioned on that there exists at least one satellite in the
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satellite-visible region and the typical user is located within the
beam coverage of the satellite, the probability to be associated
with the LoS satellite is given by

Amr = 1. (22)
and that with NLoS satellite is given by
Amyn = 0. (23)

Proof The proof of this lemma is trivial.

Lemma 5: (Statistical distance distribution) When
rm(¢) < rLn, conditioned on that there exists at least
one satellite in satellite-visible region and the typical user is
located within the beam coverage of the LoS satellite, the
distance distribution to the serving satellite is given by

B 2/\7rKre_’\”K(T2_H2)
T ] = e MK (ry(p)—H?)

where K = (R, + H)/R. and H <71 < ry(p).

)

Ro (24)

Proof This lemma can be easily obtained by following the
similar proof steps of Lemma 3.

B. Analysis of Coverage Probability

The coverage probability in (11) can be re-written by

Pe(7)
:(]P [SINRZ T|EL, E\/7 EM] ]P [EL|E\/, EM}

+P [SINRZ 7‘|EN, Ev, EM] P [EN|E\/, EMD P [Ev, EM]
(25)

= (PM"(1)AmL + PY"N(7)Amn) P [Ev, Enm] - (26)

1) Scenario 1: ryi(p) > rn: Let us first consider the case
of rp (@) > ron. If H < r < rp, then the typical user can be
served from the LoS satellite and experiences both LoS and
NLoS interferences. If rin < r < rym(p), then the typical
user can be served from the NLoS satellite and experiences
only NLoS interferences.

When H < r < rpy, the typical user is associated with the
LoS satellite and its received SINR is given by

2 —ag,
I
where
Li=NgW+ > G(e)P|h|*LoR; "
x; €D, 1 \ X0
+ > G(p)Ph|*LoR; . (28)
x; €M, N

When ri,x < 7 < rym(y), the typical user can be served from
the NLoS satellite and its received SINR can be expressed as

2 —QaN
SINR = G2 Plol LoFy ™ (29)
I
where
L=NW+ Y G)Plhl*LeR; Y. (30)

x€PM, N\ X0
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Note that as ¢ increases, the beam power gains of the desired
link and the interfering link decrease together.

The conditional Laplace transform of aggregate interference
plus noise is given as the following lemma.

Lemma 6: When the distance to the serving satellite is
Ry =r, the conditional Laplace transform of aggregate in-
terference plus noise is given as follows:

1) When H <r < 71N,

L (s|r)=ce

X e

—sNoW ef/\Qw(ReJrH)?{ff(l;I)\l Y1 () sin ¢d¢}

7)\27r(Re+H)2{f(Z)L(‘;M(@>wN(¢)Sin¢d¢}. (31)

2) When rin <7 < ru(p),
o A2n(Bet ) { [N o (9) sin oo |
(32)
mg¢

me
where ¥¢(¢) = 1 — ((GPLOG(¢)Q<1)(¢)*O<C+7"<) for
r 2_g?2
o(rm(e)) = M)

Lrfslr) = e x

¢ e€{L,N} and el AL
VR?+ (Re + H)?> = 2R.(R. + H) cos .

arccos (1 -

where v(¢) =
Proof The proof of this lemma is given in Appendix III.

Theorem 1: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the cov-
erage probability is given by

Pu(r) = (1 - KO-

x (P () Am + PMN(1) Au) (33)
where K = (R. + H)/R. and
riy MLl E gk
i e ()b d
R = [3 T (s bt ryar,
o PR ! s=sL,
(34)
TM(ga)mN_l _s k dk
RN = [ S | e
TLN k=0 . =SN
(35)

where s¢ = merr® (G()PLoQ:) ™! for ¢ € {L,N}.

Proof The proof of this theorem is given in Appendix IV.

Note that as ¢ increases, the first product term in (33) in-
creases, which implies that the beam coverage improves. How-
ever, as ¢ increases, the integration range of the conditional
Laplace transform of aggregated interference plus noise also
increases, which implies that more larger number of satellites
interferes with the user. Therefore, the optimal control of
beamwidth is necessary to efficiently control the interference
and the beam coverage. Unfortunately, (33) is non-convex with
the very complicated form, the optimal beamwidth can be
found by relying on the brute-force searching.

Corollary 1: When the typical user is associated with
the nearest satellite among the beam coverage satellites, the
coverage probability in the noise-limited network is given by

Pu(r) = (1 - e 1)

x (PME () AvL + PYPN(1)AuN) ., (36)
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where K = (R. + H)/R. and
LN F(mL SLNQW) M.L
PME(r :/ — = (r)dr, 37
c ( ) I F(mL) fRO ( ) ( )
™) T (my, sy NoW
PMN(r) = / Ll MOl e LN, @8)
rLN mN)

where s¢ = merr®<(G(p)PLoS )"t for ¢ € {L,N}.

Proof The proof of this corollary can be easily derived by
following the proof step of Theorem 1.

Theorem 2: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the cov-
erage probability is approximated as follows:

Pu(r) = (1 - KO0

x (P A+ PN (M Awn) . (39)
where
Pt (r) =
RS M,L
/ S (- 1)n+1( )gh( ) ML G)dr,  (40)
H s=nqr,
PM N( )
TM(w)
/ ”+1< >£12( ) %’N(T)dr, 41)
s=ngn
where ¢ = neke(r) for ¢ € {L,N}, where

e = me(me!) ™™ and k(1) = 77 (G ) PLoS) ™"
Proof The proof of this theorem is given in Appendix V.

2) Scenario 2: rv(e) < ron: For the case of
rMm (@) < LN, the typical user can be served from the satellite
only when H < r < ry(p) holds. When H < r < ry(yp),
the typical user can be served from the LoS satellite and its
received SINR can be expressed as

G(@)Plho|>LoRy ™"

SINR =
I3 ’

(42)

where

= NoW +

D

x€PM,L \ X0

G(p)P|M|*LoR; . (43)

Note that the typical user experiences the interferences from
the LoS satellites only.

Lemma 7: When the distance to serving satellite Ry = r
and v (@) < ron holds, the conditional Laplace transform of
aggregate interference is given as follows:

b (rv () .
L1, (s]r) = e=sNoW 32mRet HP{ [T (@) sin oo}
mr, mL
where Yr(¢) = 1 — (SPLDG(W)QLZ(¢>)‘;L+mL>
and ¢(7‘M(<p)) = arccos (1—%), where
=\/R2+ (R +H)2—2R.(R.+H) cos ¢.

Proof We omit the proof of this Lemma because it can
be readily obtained by following the similar proof steps in
Lemma 6.
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Theorem 3: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the cov-
erage probability is given by

—AmK (3 ()

Pr)=(1-e ) P (), (43)
where K = (R. + H)/R. and
PML(r) =
r mp—1
[ > CI L o) oy, o)
where s;, = mp7mrot(G(e)PLoQL) 1, ggo’L(r) is given

in (24), and Ly, (-|-) is given as (44).

Proof We omit the proof of this theorem because it can
be readily obtained by following the similar proof steps in
Theorem 1.

Corollary 2: When the typical user is associated with
the nearest satellite among the beam coverage satellites, the
coverage probability in the noise-limited network is given by

Pu(r) = (1= e RORE ) pML(7) - 47)
where
™) T (my,, s, NoW)
PML(r :/ e P 0T M () dr, (48
c ( ) I F(mL) Ro ( ) ( )

where sp, = mp, 71 (G(p)PLoS)y,) ™

Theorem 4: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the cov-
erage probability is approximated as follows:

Pu(r) & (1= e KUROZH) PML(z) - (49)

where K = (R. + H)/R. and
B (r) =

ralp) 7L
/ > (- 1)”+1< )%( M| _ gt ar o)

H n=1 S=ngqL
where g, = quer(r), qn = mp(mg!)7me,
ki (r) = 7 (G(@) PLoQy) ™!, and g%[L(r) is given
in (24).

Proof We omit the detailed proof because it can be readily
obtained by following the similar steps in Theorem 2.

IV. ERGODIC RATES

In this section, we analyze the ergodic rates of the typical
user. The technical tools and proof steps are similar to Sec-
tion III, so we concisely put the derived analytical results.

The average rate of a typical user can be expressed as

R = E[In (1+SINR) [Ev, Ei] P [Ev, En] (51)
— (E [In(1+-SINR) [Er, By, Exe] P [Ex|Ey, Eng]
+E [In(1+SINR) [Ex, Ev, Exi] P [Ex|Ev, Ex]) P [Ev, Ex]
(52)
= (Rm,LAM,L + RmnAv ) P [Ev, Enm], (53)
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e~ ATK (1 (p)—H?)

where P [Ey,Ey] and

K = (R. + H)/R..

A. Scenario 1: rv(p) > TN

Theorem 5: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the er-
godic rate is given by

R— (1 . e—AwK(rf/[(w)—Hz)) (RM,LAM,L + RM7NAM,N) ,
(54)
where Ay 1, and Ay n are given in Lemma 2 and
Ry =
TLN mL 1 dk ML
/ / e ln)| ) dra
(55)
Ry =
[oe] TM(Lp) mn—1 (—S) dk
—L AN (Y drdt,
/0 /TLN kzzo o as Ce | g TR ()
(56)
where sc(r,t) = me(e! — 1)r*<(G(g)PLoQ)™ ! for

¢ €{L,N} and Ly, (-) and L, (-) are given in Lemma 6.
Proof The proof of this theorem is placed in Appendix VI.

In the noise-limited networks, the exact expression of er-
godic rates can be written as the following corollary.

Corollary 3: When the typical user is associated with
the nearest satellite among the beam coverage satellites, the
ergodic rate in the noise-limited network is given by

o (1 _ e—AwK(ril(w)—Hz)) (RypAwL + RunAny)
(57)
where
TLN F
:/ / mLwa()T t))fﬁL( Vdrdt, (58)
/ /71\/{(%0 mNwa(r t)) ’N(r)drdt (59)
’ITLN) Ro ’

where we(r,t) = me(el — 1)r< NogW (G(¢)PLoQ¢) ™! for
¢ € {L,N}.

Theorem 6: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the er-

godic rate can be approximated as

R~ (l_e_mmrﬁi(sa)—fz?)) (J%M,LAM,LJrRM,NAM,N) ,

(60)
where
TLN mL
RM L —/ / n+1 (n:LL>
x Lg, (s|r ) Fact(r)drdt, 61)
s=nnLkL(r,t) Ho
() ’”N
RM N= / / n+l <m )
X Lr,(s|r) M, (r)drdt, (62)
S:nnN’iN(Tvt)
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where k¢(r,t) = (! — L)r“(G(e)PLo¢)~! and
ne = me(me!)~Hme for ¢ € {L,N}.

Proof Since the proof steps are similar to those of Theorem
2, we omit the detailed proof.

B. Scenario 2: ry(p) < TN

Theorem 7: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the er-
godic rate is given by

R_ (1 _ e—AwK(Tﬁq(‘P)—H2)> Ry, (63)
where
Ry, =
oo (rule) TETH (_g)k gk
L r ‘ ML () drdt,
L X St o

(64)

where s, (r,t) = mp(e! — 1)r*t (G(¢) PLoQL) 1, Q%AL(T) is
given in (24), and L, (+) is given in Lemma 7.

Theorem 8: When the typical user is associated with the
nearest satellite among the beam coverage satellites, the er-
godic rate is approximated as

R= (1 - e_’\”K(T§4(‘P)_H2)) Ry, (65)
where
/ /oo /TM(W) i( e (mL>
L= 2 - n
x Lr,(s|r) S:mm(mg;{f(r)drdt, (66)
where kr(r,t) = %’t — Drov(G(p)PLoQL) ™" and

nL = mL(mL!)_l/mL, gROL(r) is given in (24), and Ly, (-)

is given in Lemma 7.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we provide some numerical examples to
verify our analytical results in the previous Section and
provide some useful design insights. We investigate how
various system parameters, such as Nakagami-m fading pa-
rameters, the pathloss exponents, the altitude, the zenith angle
of LoS/NLoS transmission, and the satellite density, affect
on the performances and the optimal beamwidth. Unless
otherwise stated, the baseline simulation environment is set
as follows [17], [18], [24]: P = 40 (dBm), H = 550 (km),
A = 5x107% (units/km?), Ny = —174 (dBm), f. = 2 (GHz),
W = 10 MHz), rpn = 1,000 (km), o, = 2, ay = 2.5,
my, = 3, my = 2, and €, = Oy = 1. In this setting, the
average number of satellites over the surface of Earth is nearly
3,000.
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Fig. 3. Comparison of the coverage probabilities versus 7 (dB) for various
mi, and mN.
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Fig. 4. Comparison of the ergodic rates versus A (units/km?2) for various my,
and my.

A. Effects of Channel Fading Parameters

Fig. 3 and Fig. 4 compare Monte-Carlo simulated coverage
probabilities and ergodic rates with their binomial approxi-
mations in (39) and (60) versus 7 (dB) and A (units/km?)
for various mjy, and my, respectively. These figures verify
that our analytical results are quite well matched to Monte-
Carlo simulation results. The gaps between the Monte-Carlo
simulation and its analytical approximation become smaller as
my, and my have small values. Fig. 3 shows that the coverage
probabilities when (my,, my) = (3,1) and (my,, mn) = (3,2)
are almost the same, while they have some gaps when
(mp,, mn) = (3,1) and (my,, mn) = (1,1). This implies that the
fading parameter for LoS link dominantly affect the coverage
probability compared to that for NLoS link.

B. Effects of \ and rin

Figs. 5 and 6 compare the coverage probabilities in the
noise-limited and in the presence of the interferences versus
A (units/km?) for various rry (km). Fig. 5 validates that our
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Fig. 5. Comparison of the coverage probabilities in the noise-limited networks
versus A (units/km?) for various rr,y (km) when 7 = —10 (dB).
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Fig. 6. Comparison of the coverage probabilities in the presence of interference
versus A (units/km?) for various 7,5 (km) when 7 = —15 (dB).

analytical result in (36) for the noise-limited network is per-
fectly matched to Monte-Carlo simulation. This figure shows
that the coverage probabilities increase as 71,5 increases, but
they are saturated for large r1n. This is because the received
signal power of user increases as the probability of user to be
associated with LoS transmission satellite increases. However,
such gain becomes saturated as 7N increases. Fig. 5 also
shows that the coverage probabilities in the noise-limited
network increase as \ increases. This is because the received
signal power of user increases as the distance to serving
satellite decreases.

On the other hand, Fig. 6 shows that the coverage prob-
abilities in the presence of interference increase and then
decrease as A increases. Obviously, as A increases, the desired
signal power of the typical user increases with the smaller
communication distance (positive effect), but the interference
also increases (negative effect). Therefore, this figure shows
that the optimal control of A can improve the coverage
probability by effectively balancing such positive and negative
effects.
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Fig. 7. Comparison of the ergodic rates versus r,n (km) for various ag, and
an.

C. Effects of pathloss exponents

Fig. 7 compares the ergodic rates versus 7N (km) for
various a1, and ayn. This figure shows that the ergodic rate
increases until rpny =~ 670 (km) and then decreases and is
saturated as rin increases. Obviously, as rrN increases, the
interference becomes more stronger but it becomes saturated.
This is because more large number of satellites interferes with
the user via LoS transmission rather than NLoS transmission
but eventually they are saturated due to the beam coverage.
Thus, Fig. 7 implies that the benefits of increasing the desired
signal power with LoS communication are larger than the neg-
ative effects of increased interferences until rn = 670 (km),
which is vice versa for rpx > 670 (km). This figure also shows
that the ergodic rate increases as ag, decreases, while it does
not vary as ay increases. This is because the maximum beam
coverage distance r\(p) is smaller riy in our simulation
setting, so the LoS transmission dominantly affects the ergodic
rate and the received SINR of the user becomes higher with
the smaller pathloss exponent ar..

D. Effects of Altitude

Fig. 8 depicts the coverage probabilities versus 7 (dB) for
various altitude H(km) when the average number of satellites
over the entire earth orbit is fixed as 3,000 and the Earth
centered zenith angle holds the same angle for all altitudes.
This figure shows that the coverage probability of low altitude
is higher than that of high altitude for the same average
number of satellites. This implies that providing more stronger
desired signal power with the small communication distance
at the expense of higher interferences is more beneficial than
increasing the chance of satellite visibility of user with high
altitude in the satellite communication networks.

E. Effects of Beamwidth

Fig. 9 compares the coverage probabilities versus ¢ (rad) for
various A (units/km?). Fig. 9 validates that the optimal control
of the beamwidth for A maximizes the coverage probability.
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Fig. 8. Comparison of the coverage probabilities versus 7 (dB) for various
altitude H (km).
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Fig. 9. Comparison of the coverage probabilities versus ¢ (rad) for various

Interestingly, the optimal beamwidth decreases as A increases.
This is because as A increases, the beamwidth coverage is
sufficiently high enough even with narrow beamwidth and thus
reducing the interference with the narrow beamwidth is more
beneficial. On the other hand, for smaller A, the beamdwidth
should be more larger to guarantee the beamwidth coverage
event.

Fig. 10 compares the coverage probabilities versus ¢ (rad)
for various H (km) when the number of satellites are fixed
as 3,000 and the zenith angle for LoS/NLoS transmission is
fixed. This figure validates that the optimal beamwidth control
for H maximizes the coverage probability. With the optimal
beamwidth, the coverage probability of the lower altitude is
more higher than that of the higher altitude. Interestingly, the
optimal beamwidth for low altitude is larger than that for
high altitude. This is because the beam coverage event can be
guaranteed and the interference can be reduced at the higher
altitude even with the narrow beamwidth.
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Fig. 11. Comparison of the coverage probabilities between deterministic model
vs PPP model.

F. Deterministic model vs PPP model

Fig. 11 compares the coverage probabilities between PPP
model and deterministic model (Fibonacci lattice model) [23]
versus 7 (dB) for various A (units/km?). The point set of
deterministic model is regularly structured with the same
distance, while the point set of the PPP model is uniformly
distributed. Obviously, the coverage probability of PPP model
is lowerbound compared to that of deterministic model. As A
increases, the performance gap between two models becomes
negligible. For small )\, there exists a large gap between two
models for small 7. This is because the probability of beam
contact in PPP model becomes more smaller than that in
deterministic model for relatively small number of satellites.

VI. CONCLUSION

We have provided the analytical frameworks to analyze the
downlink performance of the LEO satellite communication



218

networks performing a directional beamforming with stochas-
tic geometry. Based on the analytical framework, we have
newly derived the exact analytical expressions for the coverage
probabilities and ergodic rates over Nakagami-m fading under
PPP model and their approximated formula by using binomial
approximation technique. The analytical results provide us
some significant design insights for how to design the optimal
beamwidth to maximize the performance of the LEO satellite
systems. With numerical examples, we demonstrated that the
optimal control of beamwidth can maximize the performances
and investigated how various system parameters, such as
satellite density and altitude affect the optimal beamwidth. In
uplink, the users perform the power control for their tagged
satellites and thus they generate not dependent interferences.
The performance analysis with not dependent interferences in
uplink would be an interesting future research topic. The anal-
ysis with more sophisticated LoS/NLoS transmission model
would be another interesting topic of future research.

APPENDIX A
PROOF OF LEMMA 1

Conditioned on that there exists at least one satellite in the
satellite-visible region and the typical user is located within
the satellite beam coverage, the CDF of the distance R from
the typical user to the nearest satellite is given by
P[RO > T,Ev,EM]

PEv,Em]
where P[Ey,Ey] = 1 — e M K@) ~H") and K = (R, +
H)/R.. The numerator in (67) can be written by

P[Ro > 7, Ey, Ep] = e M) — g7 ASral(e))

FRO(T‘E\/,EM) = 1 —

(67)

(68)

where S(rm(e)) n(Re + H)(r}(¢) — H?)/Re and
S(r) = m(Re+ H)(r?> — H?)/Re.

Consequently, by plugging (68) into (67), the conditional
CDF for the distance R is given by

1— e—/\TrK(r2—H2)

1— e—)\ﬂ'K(ri‘\’q(ga)—HQ) !

FRO(’I‘|EV7EM) = (69)

By taking the first derivative of F'p,(r|Ev,En) with respect
to r, the conditional PDF of the distance R, between the
typical user and the nearest satellite can be obtained as

AT Kre MK (r*-H?)
1— e—)\ﬂK(T’fw(ap)—HQ) .

fRo (T|Ev,Enm) = (70)

APPENDIX B
PROOF OF LEMMA 3

When rpny < 7mm(p), conditioned on that there exists at
least one satellite in satellite-visible region and the typical
user is located within the beam coverage of LoS satellite, the
conditional CDF of the distance to serving satellite can be
given as

FpM(r) =P[Ry < r|EL, Ev, Ey]
_ P[Ry <7,EL|Ev,Enm]

P [EL|Ev, Em]

(71)

) (72)
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where P [Ep|Ev,Em] = Awm, follows from Lemma 2. Then,
the joint probability can be written as

P[Ry < r,EL|Ev, Em]
TLN

fRo (T|Ev, EM) dr

=1- FRO(TLN|E\/,EM) + Fpr, (’I“‘Ev, EM) .

—1- (73)
(74)

Taking the first derivative with respect to r, we can obtain

fEM) = SRR = o

— ~Fr yve (75)

JRro(T|Ev, Em),
where H < r < rpy. Similarly, conditioned on that there
exists at least one satellite in satellite-visible region and the
typical user is located within the beam coverage of NLoS
satellite, the conditional distance distribution of Ry can be
given as

1

M,N _
fRO (T) AM,N

fro (7|Ev,Enm), (76)
where rny <7 < ruv(p) and P [Ex|Ev, Epm] = Aumn is given
in Lemma 2.

APPENDIX C
PROOF OF LEMMA 6

When H < r < rpnx < ru(ep), conditioned on the distance
to the serving satellite Ry = r, the Laplace transform of the
aggregate interference plus noise can be represented by

L1, (slr) =By, e |Ro =] (77)
= e NoW L (s|Ry = 1), (78)

where the Laplace transform of [ is given by
Li(slr)=E; [675[ Ry = r} (79)

= Eay 1 |02 [e_s 21500 €y, 1\ 0 G(“")PWFL(RZ)]
M,L, |t

=5 Y150, cayg ¢ GO PIRIPL(RY)
X Eq)M,NJhl\Q |:€ >0:x €PN

(80)
DBa|  TI Epae[emsctrmree]
1>0:x;€ P, 1 \X0
X E‘I’IVI.N H E|h1|2 |:e—SG(AP)P|hL‘2L(Rl):|

l>03xl6¢’M,N

81

—~

) e_ fS(TLN)\S(r) 1_E\hl\2 [e—sG(q))PlhlPL(Rz)})\dS

1-E,, 2 [e—sc<w)P\’Lz\2L(Rz)]>\ds

X e fS(Tm(vﬂ))\S(TLN) .
(82)

The equality (a) comes from independence of the channel
and the equality (b) holds from the probability generating
functional (PGFL) of PPP. By using the moment generating
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function (MGF) of the Nakagami-m distribution, (82) can be
written by

Li(s|r) =

_ ‘bLN my, L .
e A2m(Ret H* {fW) (sGw)PLoﬂmwr"‘HmL) Sln¢d¢}

N 2f polrmen, my N
% e A2m(RetH) {LbLN 1 (sG(«p)PLOQNv((b)_O‘N+7nN> sin ¢dp
)

(83)

where v(¢) = \/R2+ (R + H)2 — 2R (R, + H) cos ¢ and

. 2 g2 .
o(rm(p)) = arccos (1 — %). By plugging (83)
into (78), we can obtain (31).

Similarly, when rin < r < ry(¢p), the Laplace transform of

the aggregate interference plus noise can be obtained as (32).

APPENDIX D
PROOF OF THEOREM 1

Conditioned on that the typical user is associated with the
LoS satellite, the conditional coverage probability is given by

PML(7) = P[SINR > 7|Ep, Ev, En] (84)
2 —Qr,
1
=P [|ho|* > (G(¢)PLo) " R{“714] (86)
_ e r (mL,SLIl)] M,L
_/H E;, [F ) TRy (r)dr,  (87)

where I is given in (28), s, = mp7rt(G()PLoQL) 1,
and f%}’L(r) is given in (20).
Since T'[m, my]/T(m) = e=™ 37"~ (my)* /k! holds for

any integer m [31], the following relationship holds:

T (my,, s.11) e S (s 0y
E =K mLsLl1
O i e D Y I
myp,—1
(@) N~ (—s)F d¥
- B dsr LGl > ®9

i
o

where Ly, (s|r) is given in (31). The equality (a) comes from
the relationship of L ¢, (s) = (—1)*d*Ly(s)/ds".
Using (89), we can write (87) as

M,L i Tt (—S)k d*
=0

B fg{)’L (r)dr.
(90)

Similarly, conditioned on that the typical user is associated
with the NLoS satellite, the conditional coverage probability
is given by

PCM’N(T)
2 I'(mn,snl2)] N
=/ Ep, {F(mN)} fry (r)dr, o1
ra(p) mN 1 _)k gk
-/ St n)| N, 02
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where I is given in (30), sy = mn7rN(G(p)PLoSdN) 7L,
fgi’N(r) is given by (21), and L, (s|r) is given in (32).

Consequently, by plugging (90) and (92) into (26), we can
obtain (33).

APPENDIX E
PROOF OF THEOREM 2

Conditioned on that the typical user is associated with
the LoS satellite, the conditional coverage probability can be
approximated as

PM L( )
=P SINR > T|EL,E\/,EM]

/ P [|ho|* > kL(r) 1]
(é /H 1—-E [(1 — e‘"wL(r)h)mL} fgt’L(T)dr (95)

= [ (Mol o
"~ (96)

93)

11\%/2’[‘(7“)(17“ 94)

where qr, = mnLkL(r), where n, = mp(my!)” 1/mu and
kL(r) = 7r°v(G(¢) PLoQ) ~t. The approximation (a) holds
from the Binomial theorem.

Similarly, conditioned on that the typical user is associated
with the NLoS satellite, the conditional coverage probability
can be approximated as

BN (7)

=P [SINR Z T‘EN,E\/, EM] (97)
rm(p) MN
[T (N ente| A
LN e s=nnnrN(T)
(98)
where gy = nnrn(r), where nx = my(mn!)™Y/™ and

kn(r) = 77N (G (@) PLoS)x) L. By plugging (96) and (98)
into (26), we can derive the coverage probability as (39).

APPENDIX F
PROOF OF THEOREM 3

For a positive random variable X, the relationship of
E[X] = ft>0 P[X > t]dt holds [32]. Since In (1 + SINR)
is a strictly positive random variable, the average rate Ry,

can be written by
Ry = E[In (1+ SINR) |Er, Ey, Ey] ©9)

:/ P [SINR > €' — 1|E, Ey,Ep] dt.  (100)
0

Using the similar proof steps in Theorem 1, we can obtain

P [SINR > et — 1|EL,E\/,EM]
—Skﬁfl(s\r)\ C freE(rydr, (01
s=s1,(t)

_/TLN mifl(_s)k dlc
~Jy K d

k=0
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where sp,(t) = my(e! — 1)r*:(G(p)PLoS),) L. By plugging
(101) into (100), we can obtain Ryp, as

RyvL

o0 frin MLl (_S)k d* M,L
= —L ’ drdt.
/0 /H kZ:o kL dsk Tl (slr) s:sL(t)fRO (r)dr
(102)
Similarly, we can also obtain Ry N as
Ry =
00 ra () mN—l(_s)k dk
—Lr, (s|r MNGYdrdt.
/O _/TLN kZ:O k! dsk 12( | )s:sN(t) Ro ( )
(103)

By plugging (102) and (103) into (53), we can derive the
ergodic rates as (54).
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